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Abstract
In this work we propose an action which unifies self-dual gravity and self-
dual Yang-Mills in the context of the Macdowell-Mansouri formalism. We
claim that such an action may be used to find the S-dual action for both
self-dual gravity and self-dual Yang-Mills.
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Recently, using a self-dual generalization of the Macdowell-Mansouri formalism [1,2]
gravitational S-duality has been considered by Garc´ıa-Compean, Obrego´n, Plebanski and
Ramı´rez (GOPR) [3,4]. The central idea of these authors was to find a dual gravitational
model by using a similar mechanism to the one used in the case of self-dual Yang-Mills
theory [5]. From a fundamental point of view, however, it will be more satisfactory to have
S-dual invariant unification model for gravity and Yang-Mills. As a first step in this direction
we may attempt to have unified theory for self-dual gravity and self-dual Yang-Mills in the
context of Macdowell-Mansouri formalism [6,7] (see also [8–17] ). But, to the best of our
knowledge, such an unified theory is lacking in the literature. In this paper we propose an
action in the Macdowell-Mansouri context which not only reduces to self-dual gravitational
action and self-dual Yang-Mills but also gives topological terms and interesting interacting
terms between gravitational curvature and Yang-Mills field strength.
Let us first recall some aspects of the Macdowell-Mansouri’s gravitational formalism. It
is known that such a formalism mimics the Yang-Mills-type gauge theory in four space-
time dimensions as much as possible and that it has been successfully applied to construct
different supergravity theories [18]. The central idea is to represent the gravitational field
as a connection one-form associated to some group that contains the Lorentz group as a
subgroup. The typical example is provided by the SO(3,2) anti-de Sitter gauge theory of
gravity. In this case the SO(3,2) gravitational gauge field ωABµ = − ω
BA
µ is broken into the
SO(3,1) connection ωabµ and the ω
4a
µ = e
a
µ vierbein field. Thus, the anti-de Sitter curvature
RABµν = ∂µω
AB
ν − ∂νω
AB
µ + ω
AC
µ ωνC
B − ωBCµ ωνC
A (1)
leads to
Rabµν = R
ab
µν + Σ
ab
µν (2)
and
R4aµν = ∂µe
a
ν − ∂νe
a
µ + ω
ac
µ eνc − ω
ac
ν eµc, (3)
where
Rabµν = ∂µω
ab
ν − ∂νω
ab
µ + ω
ac
µ ωνc
b − ωbcµ ωνc
a (4)
is the SO(3,1) curvature and
Σabµν = e
a
µ e
b
ν − e
b
µ e
a
ν . (5)
It turns out that R4aµν = T
a
µν can be identified with the torsion.
The Macdowell-Mansouri’s action is
S =
1
4
∫
M
εµναβRabµν R
cd
αβǫabcd, (6)
where εµναβ is the fully antisymmetric tensor associated to the space-time, with ε0123 = 1,
while ǫabcd is also the fully antisymmetric tensor but now associated to the internal group
SO(3,1), with ǫ0123 = −1. We assume that the internal metric is given by ηab = (−1, 1, 1, 1).
Therefore, we have ǫ0123 = 1. It is well known that, using (2-5), the action (6) leads to three
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terms; the Hilbert-Einstein action, the cosmological constant term and the Euler topological
invariant (or Gauss-Bonnet term). It is worth mentioning that the action (6) may also be
obtained using Lovelock theory (see [19] and references there in).
The action (6) has been generalized in the form [1]
S =
1
4
∫
M
εµναβ+R
ab
µν
+R
cd
αβǫabcd . (7)
Here, +Rabµν is given by
±Rabµν =
1
2
±M
ab
cdR
cd
αβ , (8)
where
±Mabcd = δ
ab
cd ∓ iǫ
ab
cd, (9)
with δabcd = δ
a
c δ
b
d − δ
b
cδ
a
d . It turns out that
+Rabµν is self-dual, while
−Rabµν is anti self-dual
curvature. Therefore, the action (7) describes self-dual gravity. In fact, in reference [2],
it was shown that the action (7) can be decomposed in four terms: the Euler topological
invariant, the Pontrjagin topological invariant, the Ashtekar action (as proposed by Samuel
[20] and Jacobson and Smolin [21]) and the usual cosmological constant term.
In order to develope a S-dual gravitational action, the key idea in reference [3] was to
consider the generalized action
S =
1
4
+τ
∫
M
εµναβ +R
ab
µν
+R
cd
αβǫabcd −
1
4
−τ
∫
M
εµναβ −R
ab
µν
−R
cd
αβǫabcd , (10)
where +τ and −τ are two different constant parameters. In fact, let us briefly mention how
GOPR found the S-dual gravitational model. First, consider the identity
1
4
±M
ab
ef
±M
cd
ghǫabcd = 2(ǫefgh ± iδef,gh) , (11)
where δef,gh = ηegηfh − ηehηfg. It is not difficult to see that (10) can be rewritten as
S =
1
2
(+τ −− τ)
∫
M
εµναβRabµν R
cd
αβǫabcd −
i
2
(+τ +− τ)
∫
M
εµναβ Rabµν
∗R
cd
αβ ǫabcd, (12)
where
∗Rabαβ =
1
2
ǫab cdR
cd
αβ . (13)
The second term in (11) can be identified with a θ term, with θ given by 1
2
(+τ +− τ). We
may follow then a similar procedure as in the case of self-dual Yang-Mills [22–24]. In our
case, such a procedure consists in writing first the Palatini type action
S =
∫
M
εµναβ
(
c1
+Gabµν
+G
cd
αβ + c2
−G
ab
µν
−G
cd
αβ + c3
+Rabµν
+G
cd
αβ + c4
−R
ab
µν
−G
cd
αβ)ǫabcd
)
, (14)
where c1,c2,c3 and c4 are constants, and then considering the partition function
3
Z =
∫
d+G d−Gdω e−S. (15)
where the action S is given by (14). Thus, after performing a partial integration over ω we
obtain the desired dual action, which relevant part is given by
S =
∫
M
εµναβ
(
−
1
4+τ
+G
ab
µν
+G
cd
αβ +
1
4−τ
−G
ab
µν
−G
cd
αβ + · · ·
)
ǫabcd , (16)
(see reference [3] for details). (It is worth mentioning that the action (10) can be recovered
from the action (14) by applying the Palatini procedure to the variables +G and −G.)
In order to unify self-dual Yang-Mill fields and self-dual gravity, we shall generalize the
action (10). Our proposed action is
S =
1
4
+τ
∫
M
Eµναβ +R
ab
µν
+R
cd
αβ ǫabcd −
1
4
−τ
∫
M
Eµναβ −R
ab
µν
−R
cd
αβ ǫabcd, (17)
where
Eµναβ = εµναβ + ieF µνiF αβjgij. (18)
with e = det(eaµ). Here, F
j
µν = F
αβjeaµe
c
αe
b
νe
d
βηacηbd is the field strength which is given in
terms of the gauge potential Aiµ as
F iµν = ∂µA
i
ν − ∂νA
i
µ + f
i
kjA
k
µA
j
ν , (19)
where f ikj are the structure constants of the Lie algebra of some compact group G and gij is
the Cartan-Killing metric associated to G.
We would like to prove that the action (17) unifies self-dual gravity and self-dual Yang-
Mills. For simplicity, let us first focus in the action
+S =
1
4
+τ
∫
M
Eµναβ +R
ab
µν
+R
cd
αβ ǫabcd . (20)
Substituting (18) into (20) we find that
+S =+ S1 +
+ S2 , (21)
where
+S1 =
1
4
+τ
∫
M
εµναβ +R
ab
µν
+R
cd
αβǫabcd , (22)
and
+S2 =
i
4
+τ
∫
M
eF µνiF αβjgij
+R
ab
µν
+R
cd
αβ ǫabcd . (23)
We notice that +S1 is just the first term of the action (10), which we already know leads
to four terms: the Euler topological invariant, the Pontrjagin topological invariant, the
Ashtekar action (as proposed by Samuel and Jacobson and Smolin) and the usual cosmolo-
gical constant term. So, new features of our proposed action (17) should emerge from +S2.
In order to discover them, let us first observe that using (11), +S2 becomes
4
+S2 =
i
2
+τ
∫
M
eF µνiF αβjgabR
ab
µν R
cd
αβ ǫabcd −
1
2
+τ
∫
M
eF µνiF αβjgijR
ab
µν R
cd
αβδab,cd . (24)
Now, using (2) we find
+S2 =
1
2
+τ
[
i
∫
M
eF µνiF αβjgij (R
ab
µν + Σ
ab
µν)(R
cd
αβ + Σ
cd
αβ)ǫabcd
−
∫
M
eF µνiF αβjgij (R
ab
µν + Σ
ab
µν)(R
cd
αβ + Σ
cd
αβ)δab,cd
]
, (25)
This expression can be written as
+S2 =
+ S1 +
+ S2 +
+ S3 (26)
with
+S1 =
i
2
+τ
∫
M
eF µνiF αβjgij R
ab
µν R
cd
αβǫabcd −
1
2
+τ
∫
M
eF µνiF αβjgij R
ab
µν R
cd
αβδab,cd , (27)
+S2 = i
+τ
∫
M
eF µνiF αβjgij R
ab
µν Σ
cd
αβ ǫabcd −
+τ
∫
M
eF µνiF αβjgij R
ab
µν Σ
cd
αβ δab,cd , (28)
and
+S3 =
i
2
+τ
∫
M
eF µνiF αβjgij Σ
ab
µν Σ
cd
αβ ǫabcd −
1
2
+τ
∫
M
eF µνiF αβjgij Σ
ab
µν Σ
cd
αβ δab,cd. (29)
In relation to the curvature Rabµν , notice that
+S1 is quadratic,
+S2 is linear and
+S3 is
independent. As far as we know interacting terms between the curvature Rabµν and the
Yang-Mills field strength F µνi similar to +S1 and
+S2 have already been considered in the
literature [25,26]. Specifically, the second term in +S2 has been studied in connection with
particles moving faster than light [27]. On the other hand we recognize that the second term
of +S3 is the typical action for Yang-Mills fields, while the first term is the second Chern
topological invariant. In fact, using (5) it is not difficult to see that +S3 can be written as
+S3 = 4i
+τ
∫
M
eF µνi ⋆F jµν gij − 4
+τ
∫
M
eF µνi F jµν gij , (30)
where
⋆F iµν =
1
2
ǫµναβF
αβi . (31)
Here, ǫµναβ = e
a
µe
b
νe
c
αe
d
β ǫabcd.
Now, the action (17) can be written as S = S1 + S2, where S1 is given by (10) and
S2 =
i
4
+τ
∫
M
eF µνi F αβjgij
+R
ab
µν
+R
cd
αβ ǫabcd −
i
4
−τ
∫
M
eF µνi F αβjgij
−R
ab
µν
−R
cd
αβ ǫabcd. (32)
Thus, thanks to the change of sign in the identity (11), depending if we use +M
ab
ef or
−M
ab
ef ,
we discover that (32) leads to the result
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S2 = S1 + S2 + S3 (33)
where
S1 =
i
2
(+τ − −τ)
∫
M
eF µνiF αβjgij R
ab
µν R
cd
αβ ǫabcd
−
1
2
(+τ + −τ )
∫
M
eF µνiF αβjgij R
ab
µν R
cd
αβδab,cd, (34)
S2 = i(
+τ − −τ )
∫
M
eF µνiF αβjgij R
ab
µν Σ
cd
αβǫabcd
− (+τ + −τ )
∫
M
eF µνiF αβjgij R
ab
µν Σ
cd
αβ δab,cd, (35)
and
S3 =
i
2
(+τ − −τ )
∫
M
eF µνiF αβjgij Σ
ab
µν Σ
cd
αβ ǫabcd
−
1
2
(+τ + −τ)
∫
M
eF µνiF αβjgij Σ
ab
µν Σ
cd
αβ δab,cd . (36)
Focusing our attention in S3 =
+S3 +
−S3 we learn that
S3 = 4i(
+τ − −τ)
∫
M
eF µνi ⋆F jµνgij − 4(
+τ + −τ)
∫
M
eF µνiF jµνgij , (37)
We recognize the second term as the Yang-Mills action with coupling constant 1
g2
given by
4(+τ+−τ), while the first term is the second Chern class topological invariant [28] which can
be identified with the θ term. So, S3 describes self-dual Yang-Mills gauge fields. Notice the
importance to consider the anti-self-dual part in the action (17). Thanks to it the couplings
between the first term and second term in (37) are different.
In this way, we have achieved a unification between self-dual gravity and self-dual Yang
Mills in the context of Macdowell-Mansouri formalism. Since S-duality has been studied
either using self-dual Yang-Mills or self-dual gravity our results suggest a more general S-
duality for both self-dual fields. Following to GOPR procedure [3,4], let us outline this
idea.
To get the dual action of (17), we should first consider the Palatini type action
S =
∫
M
Eµναβ
(
c1
+G
ab
µν
+G
cd
αβ + c2
−G
ab
µν
−G
cd
αβ + c3
+R
ab
µν
+G
cd
αβ + c4
−R
ab
µν
−G
cd
αβ
)
ǫabcd (38)
and then to calculate the partition function
Z =
∫
d+G d−GdAdωe−S , (39)
where the action S is now given by (38). At present, we are investigating this possibility
and we hope to report our results in the near future.
Let us conclude and make some final comments. In this work, we propose the action
(17). This action is reduced to the following terms: Ashtekar action, Euler Topological
invariant, Pontrjagin topological invariant, cosmological constant term, Yang-Mills action,
second Chern class topological invariant, and a number of interacting terms between the field
strength F iµν and the curvature R
ab
µν . In other words, with the action (17) we have achieved
a unified theory of self-dual gravity and self-dual Yang-Mills in the context of Macdowell-
Mansouri formalism. From this result, we expect to be able to study S-duality following the
GOPR procedure [3,4].
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